Abstract. Knots are commonly found in molecular chains such as DNA and proteins, and they have been considered to be useful models for structural analysis of these molecules. One interested quantity is the minimum number of monomers necessary to realize a molecular knot. The minimum lattice length Len(K) of a knot K indicates the minimum length necessary to construct K in the cubic lattice. Another important quantity in physical knot theory is the ropelength which is one of knot energies measuring the complexity of knot conformation.
Introduction
A knot is an embedding of a circle in 3-dimensional Euclidean space, and a link is a disjoint collection of knots. Knots have been considered to be useful models for simulating molecular chains such as DNA and proteins. Especially the length of the polymer is one of key parameters which impact on the topology of a macromolecule. In this paper, we consider two kinds of measures of the complexity of knot conformation related to the length of knots.
We first consider a knot in the cubic lattice Z 3 = (R × Z × Z) ∪ (Z × R × Z) ∪ (Z × Z × R). An edge is a line segment of unit length joining two nearby lattice points in Z 3 . An edge parallel to the x-axis is called an x-edge, and the plane with the equation x = i for some integer i is called x-level i. The terminologies concerning the y-and z-coordinates are defined in the same manner. The minimum number of edges necessary to construct a given knot K in Z 3 is called the minimum lattice length, denoted by Len(K). Diao [10] introduced this terminology (he used "minimal edge number" instead) and proved that the minimal lattice length of the trefoil knot 3 1 is 24. This kind of polygonal representations of knots are very useful for many applications in science. The microscopic level molecules are more similar to rigid sticks than flexible ropes. In fact, DNA molecules are made up of small rigid sticks of sugar, phosphorus, nucleotide proteins and hydrogen bonds. This quantity is closely related to the minimum number of monomers necessary to realize a molecular knot.
Another important quantity in physical knot theory is the ropelength which is one of knot energies measuring the complexity of knot conformation. Minimum energy conformations are considered canonical or ideal conformations. The ropelength of a knot is the quotient of its length by its thickness, the radius of the largest embedded normal tube around the knot. The minimum ropelength of a knot K is denoted by Rop(K). The ropelength of a knot was defined in [3] and the basic theory was developed in [26] . This shortest tube of uniform thickness forming a given knot represents the canonical or ideal geometric representation of the knot. Ideal knots provide irreducible representations of knots which are related to physical features such as the time-averaged shapes of knotted DNA molecules in solution.
Both quantities are closely correlated such as Rop(K) ≤ 2 Len(K). Much effort has been invested in the research project for finding upper bounds on these quantities in terms of the minimum crossing number c(K) of the knot. It is already known that Len(K) and Rop(K) lie between O(c(K) [2, 13] .
In this paper, we focus on 2-bridge knots or links. Linear growth upper bounds on the minimum lattice length and minimum ropelength for nontrivial 2-bridge knots or links are presented: Theorem 1. Let K be a nontrivial 2-bridge knot or link. Then,
Proposition 2. Let K be a nontrivial 2-bridge knot or link. Then, for any constant h ≥ 1.205,
By setting h = 1.205, we have an upper bound of the minimum ropelength: Rop(K) ≤ 11.39c(K) + 29.44.
In Section 3 and 4, we construct 2-bridge knots or links in specific ways which realize the upper bounds in Theorem 1 and Proposition 2, respectively. In Section 5, the 2-bridge knots or links constructed in Section 4 are locally modified so that the constant term of the upper bound is improved as follows. In fact, a linear growth upper bound on the minimum ropelength for a much larger class of knots called Conway algebraic knots is known [16] .
For some knots with small minimum crossing numbers, the exact values of the minimum lattice length were mathematically confirmed. Diao [10] proved rigorously that the minimum lattice length of the trefoil knot 3 1 is 24 and all the other nontrivial knots need more than 24 edges. Scharein et al [29] proved that the minimum lattice length of 4 1 and 5 1 are 30 and 34, respectively. The reader can find numerical estimations for various knots in [20, 23, 29] .
Many results about finding lower bounds for the ropelength appear in [2, 4, 7, 8, 11, 12, 15] . Cantarella et al [6] found an upper bound of the minimum ropelength of a knot or non-split link:
Diao et al [13, 14] established O(c(K) 
Recently the authors [17] found other O(c(K) 2 ) upper bounds with smaller coefficients:
Standard diagrams of 2-bridge knots and links
In this section we briefly review the standard diagram of a 2-bridge knot or link in terms of the Conway notation. Conway [9] introduced the concept of a tangle in a knot or link diagram which is a region in the diagram surrounded by a circle such that the knot or link crosses the sphere exactly four times. An integral tangle is made from two strands that wrap around each other, and identified by the number of half-twists within it. More precisely the integer inside the circle is positive if it indicates the number of right-handed half-twists and negative if left-handed, as in Figure 1 . These integral tangles are connected together as the right figure to form a 2-bridge knot or link which is represented by a Conway notation (a 1 , a 2 , · · · , a m ). Note that if all a i are positive integers, then the positive and negative signs of integers in the figure appear alternately, so it gives a non-nugatory alternating diagram of a 2-bridge knot or link.
As summarized in [27, Section 2], any nontrivial 2-bridge knot or link can be represented by Conway notation (a 1 , a 2 , · · · , a m ) with positive integers a i and odd number m due to work by Burde and Zieschang [5] , and this non-nugatory alternating diagram gives the minimum number of crossings due to Kauffman [25] , Murasugi [28] and Thistlethwaite [30] . 
Minimum lattice length of 2-bridge knots or links
In this section we prove Theorem 1. Let K be a nontrivial knot or link whose bridge number is 2. Consider a standard diagram of K in terms of the Conway notation (a 1 , a 2 , · · · , a m ) where all a i are positive and m is an odd number. Remark that this diagram has explicit c(K) crossings which is a 1 + · · · + a m .
Step 1. Embedding of a 2-bridge knot or link K into the cubic lattice Z 3 .
We settle this diagram of K into Z 3 . See Figure 2 for an example of a 2-bridge link with the Conway notation (2, 3, 2) with 7 crossings. For better view, we rotate the axes of coordinates 45 • counterclockwise. The z-axis is perpendicular to the xy-plane. First draw the diagram on the plane which is on the z-level 2 so that it consists of x-edges and y-edges. The bold edges are put on the z-level 1. And bold dots represent z-edges between the z-levels 1 and 2. Then we have a lattice presentation of K in Z 3 .
We can easily count the number of all edges used in this construction. 4 x-edges, 4 y-edges and 2 z-edges are needed for each floor representing one crossing as drawn in the bottom figure. At the top and the bottom floors, the same number of edges are needed. This implies that we need 10c(K) edges in total.
Step 2. Folding argument to reduce one fifth of edges.
Fold the lattice knot or link diagram in Step 1 to reduce one fifth of the number of edges as follows. First consider the rightmost arc between the vertices a and b on the z-level 2 which consists of 2c(K) edges. Delete the arc and split the remaining part into two pieces, named A and B, by cutting at three vertices on the z-level 2 lying on a middle line l as drawn in Figure  3 .
This middle line indicates a line y = x + k for some integer k on the xy-plane such that if c(K) is even, then l locates exactly at the center of the height as viewed of a 2-bridge diagram, but if c(K) is odd, then l locates Figure 4 . Now connect the other three pairs of the cutting points near l by three z-edges. We still have chance to reduce two more x-edges (or y-edges) in any case as illustrated in two bottom figures.
We count the number of edges. By deleting the rightmost arc, the number of edges are reduced by 2c(K). Then we add 4 z-edges to connect four pairs of cutting points and subtract 2 x-edges (or y-edges). This guarantees that 8c(K) + 2 edges are enough. This completes the proof. In this section we prove Proposition 2. The basic strategy for the proof is similar to the proof of Theorem 1. Let K be a nontrivial 2-bridge knot or link with a standard diagram associated to the Conway notation (a 1 , a 2 , · · · , a m ). We assume that the rope of K has radius 1 everywhere for simple calculation.
Step 1. Embedding of a 2-bridge knot or link K into three cylindrical towers.
A cylindrical tower is the stack of cylinders such that the radius and the height of each cylinder are h and 2h for a real number h ≥ 1. First draw the diagram of K on three parallel consecutive cylindrical towers as illustrated in Figure 5 . In each floor, exactly one of three cylinders is associated with a crossing of the diagram.
We can easily calculate the length of this embedding. In each floor, there are two helical arcs with length h √ π 2 + 4 and two vertical line segments with length 2h as drawn in the bottom figure. Additionally, at the top and the bottom, we need four more horizontal line segments with length 2h which come from the diameters of cylinders. Therefore the length of the embedding is 2h( √ π 2 + 4 + 2)c(K) + 8h.
Figure 5. 2-bridge knot or link in three cylindrical towers
Step 2. Folding argument to reduce about 2hc(K).
Fold the cylindrical towers to reduce the length of the embedding as follows. First consider the rightmost arc between vertices a and b which has the length 2hc(K) + 4h. Delete the arc and split the remaining part into two pieces, named A and B, by cutting these cylindrical towers at a middle level l of the height as drawn in Figure 6 . If c(K) is even, then l locates exactly at the middle of the height as viewed of a 2-bridge diagram, but if c(K) is odd, then l locates at the bottom level of three cylinders which are located at the middle of the height. Note that these three cutting points are not from crossing points of the diagram. Rotate the bottom piece B by 180 • around l and pull it in front of the piece A. We make a space of distance 2 between the cylindrical towers A and the cylindrical towers B. Step 3. Finding a lower bound of h.
We find a proper lower bound of h avoiding that the rope overlaps itself. Obviously h should be greater than 1. Consider the shortest distance between two arcs in a cylinder representing a crossing. Let B be an end point of the under-crossing arc which intersects the top of the cylinder, and A be the over-crossing arc as in Figure 8 . Figure 8 . Distance between two arcs on a cylinder Indeed, it is enough to check the distance from the point B to the arc A because of the symmetry. Put the cylinder into R 3 so that the coordinate of the center of top disk is the origin, and the coordinate of B is (0, −h, 0). So A can be parametrized as A θ = (h sin θ, h cos θ, −2h θ π ) for θ ∈ [0, π] where the angle θ is shown in the figure. The distance between B and a point A θ is dist{B, A θ } = h 2 + 2 cos θ + 4 θ 2 π 2 . Taylor's theorem gives the following approximation for θ ∈ [0, π]:
Let f (θ) be the function on the right side of the inequality. Then,
and θ • = 10 − 100 − 120(1 − 4 π 2 ) ≈ 2.3946 is the unique root of the equation f ′ (θ) = 0 in (0, π). Indeed f (θ) has the minimum value at θ • among [0, π]. Since dist{B, A θ } > h f (θ), the condition h f (θ • ) ≥ 2 guarantees that dist{B, A θ } is greater than 2 for all θ ∈ [0, π]. To satisfy this condition,
This completes the proof of Proposition 2.
Reduction of the constant term
In this section we prove Theorem 3. Let K be a nontrivial 2-bridge knot or link constructed in a folded cylindrical towers through the procedure in Section 4. We assume that c(K) ≥ 6. We modify K at the bottom and the top parts to reduce the constant term of the upper bound of the minimum ropelength 11.39c(K) + 29.44 obtained from Proposition 2 by setting h = 1.205.
Divide these cylindrical towers and K into three parts, named the bottom, the middle and the top parts. The bottom (and the top) part indicates four cylinders at the bottom (and the top) and three arcs of K lying on or below (and above, respectively) these cylinders. Step 1. Shortening the bottom part.
For the bottom part, there are four possible types according to the positions of two crossings. First consider the type that the two crossings lie on the two right cylinders as shown in Figure 9 . We have indeed the same result for the type that they lie on the two left cylinders because two types are merely mirror reflections of each other with respect to an xz-plane. Replace the bottom part by the three arcs illustrated in the right figure. In this case, the only four upper half helical arcs associated to the crossings are kept, and the other parts are deleted. Instead, attach two half circles of radius h + 1 to two pairs of end-points of the half helical arcs. To maintain the distance between any pair of the attached half circles at least 2, the tangent line at an end-point of each half circles forms the angle 45 • downward with respect to the z-axis. Also attach an arc consisting of two quarter circles of radius 1 and a horizontal line segment of length 2h connecting them. The total length of three newly constructed arcs is 2h √ π 2 + 4 + 2π(h + 1) + (π + 2h) (≈ 28.38). Figure 9 . Two crossings lying on the same side at the bottom part Now consider the type that the crossing at the front lies on the left cylinder and the crossing at the back lies on the right cylinder as shown in Figure  10 . We similarly have the same result for the type of its mirror reflection. Delete all three subarcs of K, and attach three new arcs as shown in the right figure. One arc consists of two quarter circles of radius 1 and a horizontal line segment connecting them with the total width (2h) 2 + (2h + 2) 2 , that is the distance between two end-points to be connected. Another arc consists of two quarter circles of radius 3 and a horizontal line segment connecting them with the total width (4h) 2 + (2h + 2) 2 . The third arc consists of a subarc of a circle with radius 2 lying on an xy-plane, two horizontal line segments tangent to the circle at the two end-points of the circular arc, and two vertical line segments of length some β adjacent to the two horizontal line segments. These vertical line segments are needed to maintain the distance between arcs at least 2. β = 0.1 is enough for such purpose. The center of the circle with radius 2 is away from the two end-points of the two vertical line segments by 2h + 2 and 2h. The angles θ and ϕ can be obtained from the equations cos θ = 2 2h+2 and cos ϕ = 2 2h . The total length of these three arcs is ( (2h Step 2. Shortening the top part.
First consider the case that c(K) is even, that is, the top part consists of four cylinders of the same height. We modify the top part as illustrated in Figure 11 . Delete all three subarcs of K and attach three new arcs. Each of two new arcs consists of a horizontal line segment of length 4h − 2, four quarter circles of radius 1, and two vertical line segments of length β = 0.1. More precisely, the horizontal line segment is parallel to the y-axis, and each pair of quarter circles are connected and one quarter circle of the pair lies on an xy-plane and the other lies on an xz-plane. The third arc consists of a vertical line segment of length 1 + β, a half circle of radius 2, and finally an almost vertical line segment s. The total length of these three arcs is 2(2β + 2π + 4h − 2) + (1 + β + 2π + (2h − 2) 2 + (1 + β) 2 ) (≈ 27.19).
Figure 11. c(K) is even
Now consider the case that c(K) is odd, that is, the top two cylinders at the back are 2h higher than the top two cylinders at the front as shown in Figure 12 . The construction is very similar to the case of even c(K). Only different thing is that the line segment s is replaced by a longer line segment s ′ . The total length of these three arcs is 2(2β + 2π + 4h − 2) + (1 + β + 2π + (2h − 2) 2 + (1 + β + 2h) 2 ) (≈ 29.52). By using the mathematical software Mathematica, we confirmed that each construction can be realized as a tube with uniform radius 1. As a conclusion, the total ropelength of this embedding is bounded above by (2h √ π 2 + 4+2πh+3π+2h)+(6π+8h+5β−3+ (2h − 2) 2 + (1 + β + 2h) 2 )+ 2h( √ π 2 + 4 + 1)(c(K) − 4) ≤ 11.39c(K) + 12.37. This completes the proof of Theorem 3.
